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Abstract. In this article, by comparing the characteristic functions, we prove 
that for any i/-valued algebroid function w{z) defined in the unit disk with 
limsupr^i_ T{r,w)/ log — oo and the hyper order P2{w) = 0, the distri- 
bution of the Borel radius of w{z) and ly'(z) is the same. This is the extension 
of G. Vahron's conjecture for the meromorphic functions defined in C. 



1. Introduction and Main Results 



The value distribution theory of meromorphic functions due to R. Nevanhnna(see 
[2] for standard references) was extended to the corresponding theory of algebroid 
functions by H. Selberg [3], E. Ullrich [9j and G. Valiron [10] around 1930. The 
singular direction for w{z) is one of the main objects studied in the theory of value 
distribution of algebroid functions. Several types of singular directions have been 
introduced in the literature. Their existence and some connections between them 
have also been estabhshed [H [3, [11] . 

In 1928, G. Vahron |12] asked the following: 

Does there exist a common Borel direction of a meromorphic function and its 
derivative ? 

This question was investigated by many mathematicians, such as G. Valiron [13], 
A. Ranch [S], C.T. Chuang [T]. They proved the existence of common Borel direc- 
tions under some conditions. However, it is still an open problem till now. For the 
case of the unit disk, Zhang [15j solved the problem, he proved that the Borel radius 
of a meromorphic function of finite order is the same as its derivative. We associ- 
ated it to the algebroid functions and ask weather the Borel radius of a i/— valued 
algebroid function is the same to its derivative. To state our results clearly, we 
begin with some basic nations for algebroid functions. 

Let w = w{z){z G A) be the //-valued algebroid function defined by the irre- 
ducible equation 



where Ai,{z), Aq{z) are analytic functions without any common zeros. The 
single- valued domain Rz of definition of w{z) is a //-valued covering of the 2;-plane 
and it is a Riemann surface. 
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A,{z)w'' + A,^,{z)w''~' + ■■■ + Ao{z) = 0, 
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A point in is denoted by 1 if its projection in the z-plane is z. The open 
set which hes over \z\ < r is denoted by \z\ < r. Let n{r,a) be the number of 
zeros, counted according to their multiphcities, of w{z) — a in \z\ < r, n{r,a) be 
the number of distinct zeros of w{z) — a in l^l < r. Let 

X 1 r n(t,a) — n(0,a) , n(0,a), 

N(r,a) = - ^^rft+ ^ ' ' logr, 

u Jq t V 

If" 1 

m{r,a) = - — / V log+ | — —-^ \d9, z = re'\ 

T{r,a) = m{r,a) + N{r,a). 

where \'z\ = r is the boundary of \z\ < r. Moreover, S{r, w) is a conformal invariant 
and is called the mean covering number of \z\ < r into w-sphere. We call T(r, w) = 
T(r, oo) the characteristic function of w{z). It is known from [[3j, 3°, p. 84] that 
T[r,a) = m{r, oo) + N{r, oo) + 0(1). We define the order and hyper order of a 
i/-valued algebroid function as 

logr(r,w) 
p[w) = limsup ^ , 

r^l- log — 

and 

log log T(r,w) 
P2[w) = limsup ^ . 

r-l- log — 

Given an angular domain 

A{eo,e) = {2;|| argz - ^ol < e},0 < e 

we denote {z : \z\ < r, | arg2; — 6\ < e} by Q{r,6,e) and write fl for the part of 
Rz on Q{r,9,e). n{r, A{9,e),w = a) denotes the numbers of w{z) — a in ^(not 
counting multiplicities). 

]?(,.. A(«. .).„, = a) = I rnit.MO,e),w-a)-n(O,A(0,e),,. = a)^^ 

^ Jo i 

n{0,A{e,e),w = a) ^ 
+ log r 

V 

is called the counting function of zeros of wi^z) — a in Vt. 

Next, we give the definition of the Borel radius of a //-valued algebroid function 
in the unit disk. 

Definition 1.1. A radius L{6) : arg^; = ^, < |2;| < 1 zs called a Borel radius of a 
u-valued algebroid function w{z) of order p, if for any e > 

\ogN(r,A(e,e),w = a) 

lim sup = p 

r-i- log — 

holds for any a G C, except for 2z/ exceptions. 

In this note, we give a positive answer to the G. Valiron's conjecture for algebroid 
functions defined in the unit disk. 
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Theorem 1.1. The distribution of the Borel radius of a v -valued algehroid function 
w{z) with the order < p{w) < oo and 

T{r,w) 
lim sup T— = oo 

r-^l- log — 

is the same to that of its derivative. 

Theorem 1.2. The distribution of the Borel radius of a v-valued algehroid function 
w{z) with order p{w) = oo and the hyper order p2{w) = is the same to that of its 
derivative. 

We will prove the above two theorems synchronously. 

2. Primary knowledge 

Lemma 2.1. Letw{z) he the v-valued algehroid function defined hy (11. ip in the unit 
disk, z = z{() he a conformal mapping from the unit disk D{() into D{z). Then 
M{() = w{z{()) and M'{Q are also v-valued algehroid functions. Furthermore, we 
can see that G{() = w{z{()) is determined hy 

AMCm^iO + A,^MO)M'-\0 + ■■■ + AoiziO) = 0, 

and M'{Q = w'{z{C))z'{C)- 

Lemma 2.1 is apparent and we omit the proof of it. The following lemma is an 
analogue of Lemma 2.1 in [T5] . 

Lemma 2.2. Set 

G{r, 9,ri) = {z : < \z\ < r, \ axgz — 9\ < rj}, 

TT 

a = — , 
2r] 

_ (ze-^^)^° + 2(ze-'^)" - 1 

The function ( = ({z) defined ahove maps conformally the unit disk D{() = {( : 
\(\ < 1} onto the sector G{l,6,r]). By z = z{() we denote the inverse function 
of the function C{^)- Write M{Q = w{z{()), where w{z) is a u— valued algehroid 
function in the sector G{l,6,ri). Then for any value a on the complex plane, we 
have 

(1) Set (3 = 2-^~^i . Then 

N{r, A{e, ^),w = a)< |iV(l - /5(1 - r), M = a) + 0(1), 

when r 1 — . 

(2) Set6 = Then 

iV(7, M = a)< ^¥(1 - (5(1 - 7), A{9, ri),w = a) + 0(1), 



when 7—^1 — . 
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(3) For any <t < 1, we have 

(2.1) T(t,^'(C))<31og^, T(t,-^)<31og^ + log^. 

Here we generalize the corresponding results of meromorphic functions to al- 
gebroid functions. This lemma for meromorphic functions was first estabhshed 
by Zhang in |TB]. He proved that the function ( = ({z) maps the unit disk 
D{() = {( : \(\ < 1} onto the sector G{l,6,ri) conformally. Furthermore, after 
a calculation Zhang found that this function has the following perfect properties: 

(2.2) ({{z ■.l-<\z\<r,\aTgz-9\< ^}) C {C : |CI < 1 - 2'^'^{1 - r)} 
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and 



(2.3) z{{C : Id < 7}) C {z : |z| < 1 - ^(1 - 7), \aTgz-9\< r,}. 

This is important. The number of roots of algebroid functions or meromorphic 
functions are conformal invariant consequently he obtained this result. 

Remark. As we know that the term T(r, Q, /), whose definition can be seen in 
Page 233 of [8J is conformal invariant, where / is a meromorphic function in the 
angular domain G(l,6', 77). By (12. 2p and (12.31) we have the following 

T(r, A{e, |), f{z)) < Til - 2-^^-5(1 - r), f{z{C))) 



and 



T(7, f{z)) < T(l - ^(1 - 7), A(0, r^), /(z(C))). 



From the above we can see that the order of T(r, /(-2(C))) is p in the unit disk if 
and only if there exists a e such that 

logr(r,A(g,e),/) 

(2.4) limsup = p. 

r-^l- log — 

Since L{6) is a Borel radius of a meromorphic function / in the unit disk if and only 
if there exists a e such that (12. 4p holds. Therefore, we can simplify the Zhang's 
proof for L{9) is a Borel radius if and only if the order of T(r, f{z{C,))) is p. 

Lemma 2.3. Let h{r) is a real non-negative and non- decreasing function defined 
in (0, 1), E C (0, 1) is a set with i~;dr < 00. // 

fo^\ V log/i(r) 

(2.5) limsup ^ — = p, 

r^l- log 

then we have 

log h{r) 



(2.6) limsup 



r^E,r^l- iOg — 

Now we give the proof of Lemma 12.31 
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Proof. If p = 0, it is easy to see that the conclusion naturally holds. Here we only 
consider the case < p < oo. 
We choose a < A < 1 such that 

log J > Ke, 

where Ke = < oo. Suppose (12.61) is not true, then there exists a number 

< pi < p, such that 

\ogh(r) 
limsup -j — = pi < p. 

r^E,T^\- log — 

From (12.51) . we can take a sequence {r„} C (rg, 1) with r^i ^ 1— such that 

/o 7^ r log K'^n) 

(2.7) limsup — = p. 

™ log^ 

Since for each n 

dr f dr f dr 

> 



lrnMn + il-X)]\E r J[r„,Ar„ + (l-A)] - r 1 - T 

= logj-KE>0, 

there exists a G [r„, Ar„ + (1 — A)]\-E'. By the increasing property of log h{r), we 
have 

\ogh{r'J ^ log/i(r„) _ log/i(r„) 



log jz^ log log i + log ^ 
and then we have 

log h{rn) log/i(r„) 

lim sup ^ — = lim sup 



1 ' 



logr:;;; ™ log ^ + log ^ 
\ogh{r'J 



< limsup 



logYT^r 



log h(r) 

< limsup -j J — = pi < p. 

r^l-, r£[ro,l]\E log — 

This contradicts to (12.71) . Our Lemma is confirmed. □ 

In 1988, Zeng [H] established the following lemma which is a classical result for 
algebroid functions and is useful for our study. 

Lemma 2.4. [T3] Letw{z) be the v-valued algebroid function defined by (1-1), then 
w'{z) is also a u-valued algebroid function in the unit disk and p{w) = p{w'). 

The following lemma is the second fundamental theorem for algebroid functions 
in the unit disk, whose proof can be seen in [3], and we can obtain the error term 
S{r, w) by the same method as used in meromorphic functions. 



S{r, w) 
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Lemma 2.5. Let w{z) be a u— valued algebroid function in the unit disk, and 
ai,a2, ■ ■ ■ yCLq be q different values on the complex sphere, then we have 

g 

{q — 2z/)T(r, w) < A^(r, w = ai) + S{r, w), 

i=l 

where 

O(logY^) ,tf\{w) <oo, 

0{\og + logT(r, w)),r^E ,if \{w) = oo. 

where E is a set such that E C (0, 1) and jhpdr < oo. 

In general, we can write the second fundamental theorem as follows 

1 _ I 

(q — 2iy)T(r, w) <} N(r, w = aA + 0(log h logTfr, w)), r ^ E. 

z—^ 1 — r 

i=l 

3. Main lemma 

Now we are in the position to show our main lemma which is crucial to our 
theorems. 

Lemma 3.1. Let w{z) be a u— valued algebroid function of order p{w) = p (0 < 
p < oo) , limsup^^i_ T(r, ty)/ log = oo and P2{w) = in the unit disc D{z). 
Then a radius L{6) is a Borel radius of the algebroid function w{z) if and only if 
for any < t] < 1, the function M{() = w{z{()) is a v— valued algebroid function 
of order p in the unit disk D{(), where z = z{() is the function described in Lemma 
\2.^ mapping the unit disk -D(C) onto the sector G{l,9,ri). 

Proof " =^ " 

Let L{6) be a Borel radius of the function w{z). Then for any fixed < r] < 1, 
there exist 2z/ + 1 different values ai, ■ ■ ■ , a2u+i on the complex plane, such that 

log N{r, A{e,!f),w = ai) /• . o o , i ^\ 

hmsup J = p, (« = 1,2,--- ,2z/ + = r/, -). 

r-i- log — 2 

Applying Lemma [2.21 to the function w{z), we have 

hgNh,M = ai) , \ogW{l- f3{l-r),M = Oi) 
lim sup ^ = lim sup ^ 

7-1- ^Og— r^l- log 

logiV(r,A(g,f),^ = a.) 

> lim sup f = p(z = l,2,---,2z/ + l). 

r-^i- log — 

Therefore the order of the function M{() is not less than p. Apply Lemma [2.21 to 
the function w{z), we have 

logiV(7,M = a,) log^Nil - 6{1 - j),A{e,r]),w = ai) 
lim sup < iim sup 

7-1- log— 7-1- log 

\ogN{r,A{9,T]),w = ai) o , n 

= hmsup ^ = p(2 = 1, 2, ■ ■ ■ , 2i/ + 1). 

r-i- log — 
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Applying the second fundamental theorem to the function M{(). We obtain 



n^.M) < ViV(7,M = a,)+0(log-^ + logT(7,M)),7^i?, 
where ii^ is a set with ^^'^7 < oo. Hence 



1 T( M\ log^E A^(7,M = a,) 

logT 7,M 

limsup — J < limsup j = p. 

j^E,j~*l- log 13: 7^£;,7-^l- ^^Sjzz 



Applying Lemma [2. 3 [ we can see that the order of the function G{() is p. 

" <^= " Now for any fixed < < 1, let M{() = w{z{()) be a //-valued 
algebroid function of order p in the unit disk D{(), where z = z{() is the mapping 
function defined in Lemma Then for any 2z/+l different values ai, 02, ■ ■ ■ , 0,2^+1, 
applying the second fundamental theorem, we have 



T(7, M) < V Ar(7, M = a,) + 0(log + logr(7, M)) 

2f+i 2_ 1 

^ E - -^(l - ^ = «0 + 0(log + logT(7, M)) 

— ^ 1 — 7 

hence by Lemma 12.31 

logr(,,M) , log EA'(1-^(1-OO.A(9. = a.) 

p = lim sup T < lim sup 



7^i?,7-i- log— 7^1- log Yr(TZ5(TZ^ 

log ^ir, A{9, r]),w = ai) log ^i^, w = ai) 
= hm sup — < hm sup = p. 

r-^l- log— ^^1- log — 

Thus L{6) is a Borel radius of the function w{z). □ 

4. Proof of the theorems 

Suppose that ^(2;) is a f— valued algebroid function of order p in the unit disk 
D{z) and L{6) be a Borel radius of w{z). For any < rj < 1, we write M{() = 
w{z{()), where z = z{() is the function in Lemma [2^ Since M'{() = w'{z{())z'{(), 
we have 

T{t,M\()) <T{t,w'{z{())) +nt,z\()) 
T{t, w'iziC))) < T{t, M'iO) + nt, ^) = T{t, M'iO) + nt, z'iO) + 0(1). 



Combining the above two inequalities and noting Lemma 12.21 we have 
(4.1) \Tit,M'{C))-Tit,w'iz{C))\ < |T(t,/(C))| <31og^ + log^. 
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By Lemma 12.41 we can see that p{M') = p{M) = p. Therefore the order of the 
function w'{z{()) is also p. Then by Lemma [3. L{6) is also a Borel radius of the 
function w'{z). 

Next we suppose that L{6) is a Borel radius of the function w'{z). By Lemma 
13.11 the function w'{z{()) is an algebroid function of order p in the unit disk D{(). 
Then the order of the function M{() is also p. Moreover, we use Lemma 13.11 we 
obtain that L{6) is a Borel radius of the function w{z). 

5. Open question 

In some literatures, we have known that a radius L{6) is a Borel radius of a 
p— order meromorphic function if and only if there exists a e > such that 

logT(r,A(g,e),/) 
(5.1) limsup ^ = p. 

r^l- log — 

And it is easy to prove that if L{6) is a Borel radius of a p— order algebroid function 
w{z), then (15.11) holds. Here we ask if the converse proposition holds. 
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